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We discuss conformal issues of pure and extended teleparallel gravity. In particular, we present
formulations of conformal transformation in teleparallel gravity. Furthermore, we propose conformal
scalar and gauge field theories in teleparallel gravity and study conformal torsion gravity. We
explicitly demonstrate that a power-law acceleration (including the ΛCDM universe) as well as the
de Sitter expansion of the universe can be realized in extended teleparallel gravity with a conformal
scalar field, and that pure teleparallel gravity with a conformal scalar field can lead to the ΛCDM
model. It is also shown that there can exist the de Sitter solution in conformal torsion gravity.
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I. INTRODUCTION
The cosmological phenomenon of current accelerated expansion of the universe has been revealed by recent cosmo-
logical observations including Supernovae Ia [1], large scale structure [2], the baryon acoustic oscillations [3], cosmic
microwave background radiation [4], and weak lensing [5]. Provided that the universe is strictly homogeneous, there
are two representative procedures to study the current cosmic acceleration. First is to introduce dark energy with
negative pressure in general relativity (for reviews on dark energy, see, e.g., [6]). Second is to extend or modify gravity
on large scales.
As one of the ways of extending gravitational theories, “teleparallelism” [7, 8], which we call “teleparallel gravity”
in this paper, has been investigated in various theoretical aspects. In teleparallel gravity, the torsion scalar T , which
consists of the Weitzenbo¨ck connection, describes the action. As a consequence, curvature vanishes, although in
general relativity (GR), the scalar curvature R, which is expressed using the Levi-Civita connection, describes the
action. It is known that in extended teleparallel gravity, the so-called f(T ) gravity, whose action is written in terms
of a function of T , not only inflation [9] in the early universe but also late time cosmic acceleration [10–14] can be
realized. The spirit of this extension of f(T ) gravity in teleparallel gravity is the same as that of F (R) gravity in GR
(for recent review, see Ref. [15]). An advantage of f(T ) gravity is that the gravitational field equation is second order
as it is in GR, while it is forth order in F (R) gravity. Hence, it is easier to analyze the cosmological evolution in f(T )
gravity, in comparison with F (R) gravity, as well as the analysis of cosmological perturbations [16]. There are also
arguments in terms of theoretical properties of f(T ) gravity, e.g., local Lorentz invariance [17], non-minimal coupling
of teleparallel gravity to a scalar field [18], and non-linear causality [19].
The conformal symmetry is very natural and fundamental symmetry of spacetime. It is a generalization of scale
invariance where conformal factor depends on coordinates. It is known that conformal symmetry may be broken on
quantum level. This leads to the famous conformal anomaly [20], which is known to be able to induce the inflationary
cosmology (for a recent study, see [21] and also [22]). From another side, there exists well-known phenomena of
asymptotic conformal invariance where at high energies the theory asymptotically approaches the conformal phase [23,
24]. Furthermore, it is well-known that gravity theory may be conformally invariant (the Weyl tensor squared action)
and pretend to be the candidate for a fundamental theory unifying all the four known fundamental interactions [23].
Very recently, in Ref. [25], conformal symmetry has been studied in terms of the relation of cyclic cosmology
and the metastability of the Higgs field. In addition, in Ref. [26], a novel class of chaotic inflation models has
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2been proposed, where conformal invariance is spontaneously broken. Therefore, currently, conformal symmetry of
theories is a quite important issue in the literature. Furthermore, conformal transformation of f(T ) gravity [27] and
conformally-invariant teleparallel gravity [28] have also been investigated.
In this paper, we concentrate on pure and extended teleparallel gravity and explore its conformal issues. We
formulate conformal transformation in teleparallel gravity. In addition, we propose conformal scalar and gauge field
theories and construct conformal torsion gravity. Moreover, we show that in extended teleparallel gravity with a
conformal scalar field, a power-law or the de Sitter expansions of the universe can occur, and that in pure teleparallel
gravity with a conformal scalar field, the Λ cold dark matter (ΛCDM) model can be realized. Also, it is demonstrated
that the de Sitter solution can exist in conformal torsion gravity,. We use units of kB = c = ~ = 1 and denote the
gravitational constant 8piG by κ2 ≡ 8pi/MPl2 with the Planck mass of MPl = G−1/2 = 1.2× 1019 GeV. Furthermore,
the Heaviside-Lorentz units of electromagnetism is adopted.
The paper is organized as follows. In Sec. II, we explain the fundamental formulations of teleparallel gravity. In
Sec. III, we examine conformal transformation in teleparallel gravity. In addition, we propose conformal scalar and
gauge field theories in Sec. IV and Sec. V, respectively. Moreover, we consider conformal torsion gravity in Sec. VI.
Furthermore, in Sec. VII, we investigate cosmology in pure and extended teleparallel gravity with a conformal scalar
field and in conformal torsion gravity. Finally, conclusions are presented in Sec. VIII.
II. FUNDAMENTAL FORMULATIONS OF TELEPARALLEL GRAVITY
Teleparallel gravity is described by using orthonormal tetrads components eA(x
µ), which are defined in the tangent
space at each point xµ of the manifold with the index A running over 0, . . . , 3. This allows us to rewrite the line
element as follows
ds2 = gµνdx
µdxν = ηijθ
iθj , (1)
dxµ = e µi θ
i , θi = ei µdx
µ , (2)
where ηij = diag(−1, 1, 1, 1) and e µi ei ν = δµν or e µi ej µ = δji . The square root of the metric determinant is given by√−g = det [ei µ] = e and the tetrads eaµ represent the dynamic fields of the theory.
In teleparallel gravity, the Weitzenbo¨ck connection is assumed instead of the Levi-Civita connection
Γ˜αµν = e
α
i ∂νe
i
µ = −ei µ∂νe αi . (3)
This leads to a null curvature but nonzero torsion. Hence, the main geometrical objects of the spacetime are con-
structed from this connection. The torsion tensor Tαµν is defined as the antisymmetric part of the connection (3)
Tαµν = Γ˜
α
νµ − Γ˜αµν = e αi
(
∂µe
i
ν − ∂νei µ
)
, (4)
while the components of the contorsion tensor Kµνα are defined as
Kµνα = −
1
2
(T µνα − T νµα − T µνα ) . (5)
The contorsion tensor basically refers to the difference between the Weitzenbo¨ck and Levi-Civita connections as is
easily shown when an index is risen
Kλµν = Γ˜
λ
µν − Γλµν =
1
2
(
T λµ ν + T
λ
ν µ − T λµν
)
. (6)
Thus, a new tensor S µνα can be defined by using the torsion and contorsion tensors
S µνα =
1
2
(
Kµνα + δ
µ
αT
βν
β − δναT βµβ
)
. (7)
The torsion scalar is constructed by contracting the indexes of the torsion scalar (4) with (7)
T = TαµνS
µν
α , (8)
which gives the well known action of teleparallel gravity [8]
SG =
1
2κ2
∫
e T d4x . (9)
3In addition, some generalizations of teleparallel gravity can be done, where the most simple leads to a generalization
of the action (9) to a more complex function of the torsion scalar (8),
SG =
1
2κ2
∫
e f(T )d4x . (10)
By supposing the existence of the matter action Sm =
∫
eLm with Lm matter Lagrangian and varying the action (10)
with Sm =
∫
eLm with respect to the tetrads, we get the following general equations of motion [17, 29, 30]
S νρµ ∂ρTfTT +
[
e−1eiµ∂ρ (ee
α
i S
νρ
α ) + T
α
λµS
νλ
α
]
fT +
1
4
δνµf =
κ2
2
T νµ , (11)
where T νµ is the energy momentum tensor of matter, fT = df(T )/dT and fTT = d2f(T )/dT 2. Note that we have
assumed f(T ) instead of T in order to keep the most general action in terms of the torsion scalar T . These equations
clearly depend on the choice of the set of tetrads, as shown in Ref. [31]. In addition, the particular form of the action
(10) can be reconstructed in order to reproduce the appropriate cosmological evolution (see Ref. [32]).
Here, we are interested in studying the conformal transformation of this kind of theories and the conformal in-
variance of scalar fields and other matter fields. Accordingly, next sections are devoted to this analysis. Moreover,
its comparison with curvature gravitational theories is a key role to understand this kind of torsion theories. In this
sense, we can deduce the equivalence between GR and teleparallel gravity by writing the Ricci scalar in terms of
the torsion tensor (see Ref. [8]). Firstly, let us consider the Riemann tensor, which can be rewritten in terms of the
contorsion tensor (6) as follows
Rλµρν = ∂ρΓ
λ
µν − ∂νΓλµρ + ΓλσρΓσµν − ΓλσνΓσµρ
= Kλµρ;ν −Kλµν;ρ +KλσνKσµρ −KλσρKσµν . (12)
Here, the subscrip ;µ = Dµ refers to the usual covariant derivative defined in terms of the Levi-Civita connection.
Then, the Ricci tensor is easily obtained by contracting (12)
Rµν = K
ρ
µρ;ν −Kρµν;ρ +KρσνKσµρ −KρσρKσµν
= −S ;ρνρµ − gµνT σ ;ρρσ − SρσµKσρν , (13)
whereas the Ricci scalar is obtained by contracting the indexes in (13), which yields
R = −T − 2DµT νµν . (14)
Hence, the Ricci scalar is equivalent to the torsion scalar plus a total derivative. By integration, the total derivative
vanishes, so that the action of teleparallel gravity is completely equivalent to the Hilbert-Einstein action.
III. CONFORMAL TRANSFORMATION IN TELEPARALLEL GRAVITY
Conformal transformations are of quite interest in physics, since they can facilitate the analysis of some particular
spacetimes, via the Penrose diagrams, or by connecting conformal frames where the treatment of the equations and
degrees of freedom of a particular system turns out much easier. But it also may lead to an additional symmetry
when conformal fields are involved, which may have interesting consequences both classical as quantum effects. In
this section, we start by analyzing the conformal transformation of the geometrical objects defined in the previous
section. Let us consider the conformal transformation
gˆµν = Ω
2(x)gµν , gˆ
µν = Ω−2(x)gµν (15)
Then, the transformation of the tetrads fields is easily obtained by using (2),
eˆaµ = Ω(x)e
a
µ, eˆ
µ
a = Ω
−1(x)eµa , eˆ = Ω
4e . (16)
Under the conformal transformation (15), the torsion tensor is transformed as follows:
Tˆ ρµν = T
ρ
µν +Ω
−1[δρν∂µΩ− δρµ∂νΩ] , (17)
while the transformation of the contorsion tensor (5) yields
Kˆµνρ = Ω
−2Kµνρ +Ω
−3
(
δνρ∂
µΩ− δµρ ∂νΩ
)
. (18)
4Hence, by using the conformal transformations of the torsion tensor (17) and the contorsion tensor (18), the tensor
(7) is reduced to
Sˆ µνρ =
1
2
(
Kˆµνρ + δˆ
µ
ρ Tˆ
θν
θ − δˆνρ Tˆ θµθ
)
= Ω−2S µνρ +Ω
−3(δµρ ∂
νΩ− δνρ∂µΩ) , (19)
and finally we obtain that the teleparallel Lagrangian is transformed into
Tˆ = Ω−2T + 4Ω−3gµν∂νΩT
ρ
ρµ − 6Ω−4gµν∂µΩ∂νΩ , (20)
whereas the inverse transformation is given by
T = Ω2Tˆ − 4Ω−1gµν∂νΩT ρρµ + 6Ω−2gµν∂µΩ∂νΩ
= Ω2Tˆ − 4Ωgˆµν∂νΩ
(
Tˆ ρρµ + 3Ω
−1∂µΩ
)
+ 6gˆµν∂µΩ∂νΩ
= Ω2Tˆ − 4Ωgˆµν∂νΩTˆ ρρµ − 6gˆµν∂µΩ∂νΩ . (21)
Note that here, we have used gˆµν = Ω−2(x)gµν , and the conformal transformation (17) for the term T ρρµ. Thus,
with using these tools, we can investigate some conformal properties of extensions of teleparallel gravity. In the next
section, we analyze some analogies with curvature gravity.
IV. CONFORMAL SCALAR FIELDS
Firstly, let us briefly review conformal scalar fields in curvature gravity. We consider the action of the scalar field
non-minimally coupling to gravity, given by
Sφ =
∫
d4x
√−g
(
1
2
∇µφ∇µφ+ A
2
φ2R− φ
n+1
n+ 1
)
, (22)
where R is the Ricci scalar, and {A, n} are constants. By varying this action with respect to the scalar field φ, the
scalar field equation is obtained as
φ−AφR+ φn = 0 . (23)
We now define the conformal transformation of the scalar field as follows
φ ≡ eβσφˆ , (24)
where σ = σ(x) and β is a constant. It is known that an scalar field is called conformally invariant when the action
(22) and consequently the equation of motion (23) are invariants under a conformal transformation of the metric (15)
and the scalar field (24). By redefining the conformal transformation (15) as Ω2(x) = e−σ(x), the transformation of
the metric tensor is given by gˆµν = e
σ(x)gµν , and by using the conformal transformation of the Ricci scalar (see for
example Ref. [33]), the scalar field equation (23) is conformally invariant only if
A =
1
6
, β = −1
2
, n = 3 , (25)
which yields
φ−AφR + φn =
(
ˆφˆ−AφˆRˆ+ φˆn
)
e(β−1)σ . (26)
This is a very well-known fact that has been widely studied in the literature (see Ref. [23] and references therein). Our
proposal is to extend this analysis to teleparallel gravity by analogy with (23), a scalar field non-minimally coupled
to torsion can be considered, whose field equation, inspired by the curvature case (23), could be written as follows
φ−BφT + φm = 0 , (27)
where {B,m} are constants. By assuming the conformal transformation of the scalar field (24) again, where β must be
determined by imposing conformal invariance, and the transformation of the torsion scalar (21), where Ω2(x) = e−σ(x),
the scalar field equation (27) is conformally transformed into{
ˆφ−BφˆTˆ + e[β(m−1)+1]σφˆm + βφˆˆσ + φˆ
[
β(β + 1) +
3
2
B
]
∂µσ∂
µσ + (2β + 1)∂µσ∂
µφˆ− 2Bφˆ∂µσTˆ ρ ρµ
}
× e(β−1)σ = 0 . (28)
5In analogy with the curvature case, we may assume the values (25), where now turns out B = 16 , β = − 12 and m = 3,
the scalar field equation (28) reads
ˆφ− 1
6
φˆTˆ + φˆm +
1
2
φˆˆσ − 1
3
φˆ∂µσTˆ ρ ρµ = 0 . (29)
As shown, the scalar field equation is not conformally invariant, but two additional terms that are not present in
the case of curvature gravity, remain in the equation. In fact, there is no combination of values for the parameters
{β,B,m} that leads to an invariant scalar field equation (27). It is straightforward to show that the reason lies in the
fact that teleparallel gravity, described by the action (9) is completely equivalent to GR up to a total derivative, as
shown previously, such that no extension including non-minimally couplings or general functions f(T ) are equivalent
to the analog theory in curvature gravity due to the presence of the total derivative in (14). Nevertheless, following
the relation (14), one may consider a non-minimally coupled scalar field described by the action [28]
Sφ =
∫
d4x e
[
1
2
∇µφ∇µφ− 1
2
φ2
(
CT +D∇µT ρµρ
)− φm+1
m+ 1
]
. (30)
Here, recall that e =
√−g, and {C,D, β,m} are free parameters. Then, by varying the action with respect to the
scalar field φ, the field equation yields
φ+ CφT +Dφ∇µT ρµρ + φm = 0 . (31)
Alternatively, one might integrate the third term in (30) by parts, so the action (30) yields
Sφ =
∫
d4x e
[
1
2
∇µφ∇µφ− C
2
φ2T +DφT ρµρ∇µφ−
φm+1
m+ 1
]
, (32)
which also leads to the field equation for the scalar field (31) while varying the action (32) with respect to φ. Then,
by applying the conformal transformations obtained in the previous section and the transformation for the scalar field
(24), the equation (31) is transformed into{
ˆφ+ CφˆTˆ +Dφˆ∇ˆµTˆ ρµρ + e[β(m−1)+1]σφˆm +
(
β +
3
2
D
)
φˆˆσ + φˆ
[
β(β + 1)− 3
2
(C −D)
]
∂µσ∂
µσ
+(2β + 1)∂µσ∂
µφˆ+ (2C −D)φˆ∂µσTˆ ρ ρµ
}
e(β−1)σ = 0 . (33)
It is straightforward to show that the extra terms appearing in (33) after the conformal transformation can be removed
and the scalar field equation (31) turns out conformally invariant, when the set of free parameters {C,D, β,m} are
taken as
C =
1
6
, D =
1
3
, β = −1
2
, m = 3 . (34)
Then, the original equation (31) is recovered, and the conformal transformation defined above becomes a symmetry
of the model (
ˆφˆ+
1
6
φˆTˆ +
1
3
φˆ∇ˆµTˆ ρµρ + φˆ3
)
e−3σ/2 = 0 . (35)
Hence, the scalar field equation remains invariant. This emphasizes the relation between curvature and torsion (14),
which is the total derivative and a key ingredient for reconstructing the conformal invariant scalar field model (31).
Here, it would again be significant to stress the novel ingredient obtained in this section. In the framework of
teleparallelism constructed with the Weitzenbo¨ck connection, the crucial condition for the torsion scalar T to have its
non-minimal coupling to a scalar field in a conformal manner is that the Ricci scalar consisting of the torsion scalar
and the total derivative of the torsion tensor Tαµν as shown in Eq. (14) has to be involved in the action of the scalar
field in Eq. (30). It is considered that this consequence would be reasonable because not only the torsion scalar T
but also the Ricci scalar R are taken into consideration. This is our new result, which has first been noticed in the
present work and not been studied yet in the past works.
Furthermore, it should be important to explore whether a pure f(T ) gravity without any scalar field might be
conformally invariant or not. Provided that even in teleparallelism, the conformal transformation in the ordinary
6curvature gravity can be considered. When we regard the action in Eq. (30) as a kind of action written in the
so-called Jordan frame, by making the conformal transformation from the Jordan frame to the Einstein frame, the
transformed action is obtained in the Einstein frame. However, from the form of the action in Eq. (30), it can
presumably be considered that there exist the term of the pure torsion scalar term and some potential term consisting
of the conformal scalar field in the resultant action in the Einstein frame, similarly to that in ordinary curvature
gravity. Thus, it follows from these investigations that a pure f(T ) gravity without any scalar fields might not be
conformally invariant.
V. GAUGE FIELDS
Let us consider now the case of a gauge field described by the action
SF =
∫
d4x e
(
−1
4
FµνF
µν
)
, (36)
where, as usual,
Fµν = DµAν −DνAµ . (37)
Note that the model minimally coupling to gravity, which is described by the action (36), can trivially be extended
to teleparallel gravity, since in this case there is no coupling between the gauge field and the torsion scalar, and
hence that as in curvature gravity, the Lagrangian is conformally invariant because the energy-momentum tensor is
traceless. Consequently, by assuming that Aˆµ = Aµ, the transformation of the action (36) yields
Fˆµν = DˆµAν − DˆνAµ = Fµν . (38)
Furthermore, the action (36) is transformed into
SˆF =
∫
d4x eˆ Ω−4
[
−1
4
(
Ω2gˆµλ
) (
Ω2gˆνρ
)
FµνFλρ
]
=
∫
d4x eˆ
(
−1
4
Fˆµν Fˆ
µν
)
= SF . (39)
However, note that this is the simplest case and a trivial extension from curvature gravity, but when non-minimal
couplings to gravity are taken into account, the action will not be conformally invariant in general.
VI. CONFORMAL TORSION GRAVITY
Following the previous sections, this section is devoted to the reconstruction of an analogy to the Weyl theory in
curvature gravity. In this sense, the following tensor is defined as
Cρµν = T
ρ
µν + S
ρ
µν , (40)
where T ρµν is the torsion tensor (4) and S
ρ
µν is the tensor defined in (7). It is straightforward to show that the tensor
(40) is conformally invariant under the transformations (17) and (19)
Cˆρµν = Tˆ
ρ
µν + Sˆ
ρ
µν = T
ρ
µν +Ω
−1
[
δρν∂µΩ− δρµ∂νΩ
]
+ Sρµν +Ω
−1
[
δρµ∂νΩ− δρν∂µΩ
]
= T ρµν + S
ρ
µν = C
ρ
µν . (41)
Therefore, the following action may be considered
S =
1
2κ2
∫
d4x e CρµνC
µν
ρ . (42)
Nevertheless, note that this action is not conformally invariant, because CˆρµνCˆ
µν
ρ = Ω
−2CρµνC
µν
ρ , but eˆ = Ω
4 e,
which yields ∫
d4x eˆ CˆρµνCˆ
µν
ρ =
∫
d4x Ω2 e CρµνC
µν
ρ . (43)
However, a second power of the action (43) becomes conformally invariant∫
d4x eˆ
[
CˆρµνCˆ
µν
ρ
]2
=
∫
d4x e
[
CρµνC
µν
ρ
]2
. (44)
7Moreover, the scalar C ≡ CρµνC µνρ can be written in terms of the torsion tensor and torsion scalar as follows
C = CρµνC µνρ =
1
8
T ρµν T
νµ
ρ +
19
16
T ρµν T
µν
ρ +
1
2
TαναT
βν
β + 2T . (45)
Thus, in comparison with the Weyl gravity, a conformally-invariant action in the framework of torsion gravity can be
constructed by starting from the tensor (40).
Finally, we mention the following two points regarding the conformal torsion gravity built with the tensor defined
in Eq. (40). First, note that the Minkowski spacetime is a vacuum solution of this theory, since all the terms in (45)
becomes null for a flat spacetime. Second, in analogy to the Weyl gravity, the scalar (45) is null for a FLRW metric,
so that there is no homogeneous and isotropic cosmological solutions in the framework of a theory described by the
action (44), as occurs in the well known case of the Weyl gravity. Hence, this theory is not equivalent to the Einstein
gravity, as can be also shown by substituting the relations between the torsion magnitudes and the curvature terms
given by the expressions (12-14), into the action (44). By doing so, some extra terms, which are suppressed in the
usual teleparallel gravity, remain in the action (44), leading to a different action than the Hilbert-Einstein action.
VII. FIELD EQUATIONS AND COSMOLOGICAL SOLUTIONS
In this section, the above reconstructed models, which present a conformal symmetry, are considered and the
corresponding field equations are obtained. Here, we mainly focus on the flat Friedmann-Lemaˆıtre-Robertson-Walker
(FLRW) metric
ds2 = dt2 − a2(t)
3∑
i=1
(dxi)2 . (46)
A diagonal set of tetrads is assumed, which for the above metric can be expressed as follows
ei µ = diag (1, a, a, a) , e
µ
i = diag
(
1,
1
a
,
1
a
,
1
a
)
. (47)
It is straightforward to check that (47) corresponds to the metric (46) trough the relation (2). The determinant of
the matrix is e = a3, whereas the components of the torsion tensor (4) and contorsion tensor (6) for the tetrads (47)
are given by
T 101 = T
2
02 = T
3
03 = K
01
1 = K
02
2 = K
03
3 = H(t) , (48)
where the Hubble parameter is defined by H ≡ a˙/a as usual. The components of the tensor S µνα in (7) yield
S 101 = S
20
2 = S
30
3 = H(t) . (49)
Hence, by using (48) and (49), the torsion scalar (8) is given by
T = −6H2(t) . (50)
For this class of spacetimes, and by the choice of the tetrads (47), some cosmological solutions are reconstructed,
where the occurrence of a late-time accelerating phase is obtained. First, the scalar field described by the action (32)
is considered in the framework of f(T ) gravities, and the FLRW equations are deduced and the Lagrangian f(T ) is
reconstructed for some kind of cosmological solutions. Next, the field equations of conformal torsion gravity (44) are
obtained, and the FLRW spacetimes are analyzed.
A. Conformal scalar field theory
Let us start considering the f(T ) action (10) and the conformal invariant scalar field (32)
S =
∫
d4xe
[
f(T ) +
1
2
∇µφ∇µφ− C
2
φ2T +DφT ρµρ∇µφ−
φm+1
m+ 1
+ 2κ2Lm
]
. (51)
8By varying the action (51) with respect to the tetrad, the field equations yield
S νρµ fTT∂ρT +
[
e−1ei µ∂ρ (ee
α
i S
νρ
α ) + T
α
λµS
νλ
α
]
fT +
1
4
δνµf
=
κ2
2
T νµ + C
[(
1
2
T σρµS
νρ
σ +
1
8
δνµT
)
φ2 +
1
2
e−1ei µ∂σ
(
φ2ee ρi S
νσ
ρ
)]
+
1
4
∂µφ∂
νφ− 1
8
δνµ∂ρφ∂
ρφ− D
4
[
φ∂ρφ
(
δνµT
α
ρα − T νσµ
)− φTαρα (δρµ∂νφ+ gρν∂µφ)
− e−1ei µ∂σ (φee νi ∂σφ− φee σi ∂νφ)
]
+ δνµ
φm+1
4(m+ 1)
. (52)
For the flat FLRW metric (46), the Friedmann equation reads
3H2fT +
1
4
f − 3
4
Hφ
(
CHφ+Dφ˙
)
− 1
8
φ˙2 − φ
m+1
4(m+ 1)
− 1
2
κ2ρm = 0 , (53)
whereas the scalar field equation (31) is given by
φ¨+ 3Hφ˙− 6CH2φ+ 3D
(
H˙ + 3H2
)
φ+ φm = 0 . (54)
Firstly, we might consider cosmological solutions of the type
H =
α
t
, (55)
that would be referred to as power-law behavior. Here, α(> 0) is a positive constant for t > 0. Within GR, this
type of solutions accomplishes the scale factor evolution for perfect fluids with a constant equation of state (EoS),
such as the dust (α = 2/3) or radiation (α = 1/2) dominated stage of the universe. Moreover, α > 1 gives rise to an
accelerating expansion, which could be related to the inflationary phase as well as the dark energy epoch. Note that
in general the set of equations (53)-(54) can not be solved exactly, and even for simple solutions as (55). Nevertheless,
in absence of the scalar potential, the scalar field equations remains conformal invariant, and both equations turn out
much simpler. Therefore, for the class of solutions (55), the scalar field equation (54) in absence of potential reduces
to
t2φ¨+ 3αtφ˙+ α (2α− 1)φ = 0 , (56)
where we have assumed the values of the free parameters (34) that lead to a conformally-invariant scalar field equation,
(54). Hence, the equation (56) can be easily solved, leading to
φ(t) = k1t
−α + k2t
1−2α . (57)
Here, ki are integration constants. The corresponding f(T ) is reconstructed so that the Friedmann equation (53) can
be satisfied. In the absence of any kind of matter, the action f(T ) yields
f(T ) = k˜1
(
− T
α2
)2α
+ k3
√
−T , where k˜1 = −2
−2(1+α)9−α(α− 1)2
2α− 1/2 k1 , (58)
and k3 is an integration constant. In case that a particular perfect fluid is assumed, whose equation of state is
described by pm = wmρm, and satisfies the continuity equation
ρ˙m + 3H(1 + wm)ρm = 0 . (59)
The solution of (59) for the class of Hubble parameters (55) yields
ρm = ρ0t
−3α(1+wm) = ρ0
(
− T
6α2
) 3α(1+wm)
2
. (60)
Accordingly, by inserting this result into (53), the equation turns out a differential equation on T , which leads to
f(T ) = k˜1
(
− T
α2
)2α
+ k3
√
−T + ρ0 4
1− 3α(1 + wm)
(
− T
6α2
) 3α(1+wm)
2
. (61)
9Hence, the class of solutions (55) can be reproduced in the framework of f(T ) gravities with the presence of a conformal
scalar field. Note that the case of radiation-like expansion (α = 1/2), gives rise to a different solution than (58) and
(61), but also in terms of powers of the torsion scalar T .
Let us consider now another natural and important solution in cosmology, the de Sitter evolution, which depicts an
exponential growth of the expansion, and is believed to be approximately the behavior of dark energy today as well
as that of inflation in the early universe
H = H0 . (62)
In such a case, the scalar field equation (54) becomes
φ¨+ 3H0φ˙+ 2H
2
0φ+ V0φ
3 = 0 , (63)
where the scalar potential has been rewritten as V (φ) = V0φ for convenience. Note that for a constant Hubble
parameter (62), the term 3H20fT +
1
4f in (53) is time independent, so the rest of the equation should also be time
independent, which leads to the constraint
1
4
H0φ
(
1
2
H0φ+ φ˙
)
+
1
8
φ˙2 +
V0
16
φ4 = K , (64)
where K is a constant, and the Friedmann equation (53) is reduced to an algebraic equation
3H20fT (T0) +
1
4
f(T0) +K = 0 . (65)
Recalling that T0 = −6H20 , the solutions of the algebraic equation (65) represent different de Sitter points, which may
be identified with the accelerating epochs of the expansion history. The most simple solution is given by a constant
scalar field φ(t) = φ0, which under the equation (63) yields
φ0 = ±4H0
√
2
|V0| , (66)
where V0 < 0 is assumed in order to avoid a complex scalar field. Therefore, K =
60H40
|V0|
in (64), and for a particular
f(T ) if the equation (65) contains real and positive roots, a de Sitter expansion exists as a particular solution of
the Friedmann equations. Furthermore, the equation (64) contains also time-dependent solutions for the scalar field,
which are compatible with the scalar field equation (63). In this sense, for a null potential V0 = 0 and K = 0, the
solution of the constraint equation (64) is given by
φ(t) = k1e
−H0t , (67)
which also satisfies the scalar field equation (63). Thus, the algebraic equation (65) reduces to 3H20fT (T0)+
1
4f(T0) = 0,
whose positive and real rootsH0 represent de Sitter solutions for this model. Hence, by a particular Hubble parameter,
the corresponding action f(T ) can be reconstructed. Moreover, the ΛCDM model is also studied with the presence
of the conformal scalar field below.
B. Conformal torsion gravity
Let us recall C = CρµνC µνρ . The field equations for the action (44) are obtained by varying the Lagrangian with
respect to the tetrads
C
[
1
2
(T ρσνTσρµ − T νρσTρσµ)− 19
4
T ρσνTρσµ − T ρµρT σνσ − T ραρT ναµ + 8T ραµS ναρ
]
−e−1ei µ∂ρ
{
eC
[
e σi
(
1
4
T νρσ −
1
4
T ρνσ +
19
4
T ρνσ − 8S νρσ
)
+ e νi T
βρ
β − e ρi T βνβ
]}
+
1
2
δνµC2 = κ2T νµ . (68)
Note that C = 0 for an isotropic and homogeneous spacetime as the FLRW metric (46) and the set of tetrads (47),
in analogy to the Weyl tensor in curvature gravity, which is also null within this class of spacetimes. Hence, the
left-hand side (l.h.s.) of the field equations (68) becomes null, and there is no FLRW solution for the conformal action
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(44). Furthermore, any action proportional to Cn (n > 1), is not compatible with FLRW spacetimes, unless other
geometrical terms are included, as some function f(T ), which would reduce the FLRW equations to the usual f(T )
equations.
Finally, we remark that C gives no contribution to the expansion of the universe, and therefore that C, which is a
conformal invariant scalar, plus the conformal invariant scalar field can lead to some solution describing the FLRW
universe, namely, scalar part makes contribution to cosmology. In addition, by making analogy with the Weyl-squared
gravity C2 [34], it is also found that C2 does not give any contribution to the FLRW cosmology but black hole solutions
may change.
C. ΛCDM model
Let us now explore the ΛCDM model in the framework of the theories studied above. The Hubble parameter of
the ΛCDM model can be written as
H =
κ
3
ρm0a
−3 +
Λ
3
=
κ
3
ρm0(1 + z)
3 +
Λ
3
, (69)
where ρm0 is the present matter density and Λ is a constant. Furthermore, in deriving the second equality in (69)
we have used the relation a0/a = 1 + z with a0 = 1, where a0 is the current value of the scale factor and z is the
redshift. This solution has widely been explored in the literature in the framework of modified gravities, where it was
found that might be reproduced in the absence of a cosmological constant (see [35]). By focusing on the conformal
scalar field considered above, the corresponding f(T ) action might be reconstructed from the Friedmann equation
(53) and the scalar field equation (54). Nevertheless, in general it is not possible to get an exact solution for the
action f(T ) because the equations are highly non linear and numerical resources are required. However, by using
some approximations and a qualitative analysis, it can be shown that the ΛCDM model (69) can be reproduced in
the context of teleparallel gravity with the presence of a conformally-invariant scalar field and with no need of a
cosmological constant. Therefore, note that for a general Hubble parameter H(t), and that by assuming a null scalar
potential, V0 = 0, a general solution of the scalar field equation (54) yields
φ = exp
[
−
∫ t
t0
H(t′)dt′
]
, (70)
which also satisfies (64) when H = H(t) and K = 0. Hence, the Friedmann equation (53) reduces to the one in f(T )
gravity, and by setting f(T ) = T , to the Friedmann equation of teleparallel gravity
H2 =
κ2
3
ρm . (71)
Thus, the matter-dominated epoch is realized by setting V (φ) ∼ 0 along that phase. Later on, when the Hubble
parameter H(t) ∼ H0, the solution (66) may be recovered, where now V (φ) < 0, and the scalar field becomes
constant. As a result, the late-time acceleration epoch is reproduced, leading to an effective cosmological constant
Λ =
120H40
|V0|
as found above, which provides a well description of the ΛCDM model in the absence of any cosmological
constant but with the presence of a conformally-invariant scalar field.
In addition, a particular non null case from the conformal torsion gravity investigated previously is the one given
by a linear action on C (42), whose Friedmann equation becomes
H2 =
8κ2
9
ρm . (72)
Hence, by the appropriate definition of the coupling constant κ2, the Friedmann equation (72) reduces to the case
of teleparallel gravity, or equivalently to GR. By including a cosmological constant and the right expression for the
coupling constant κ2, the Friedmann equation reads
H2 =
8piG
3
ρm +
Λ
3
. (73)
Consequently, the linear action in C turns out to be the usual Friedmann equation, where the ΛCDM model can be
reproduced. Moreover, the cosmological constant can be substituted by the conformal scalar field, which reduces to
the case explored above, where it was shown qualitatively that the ΛCDM model can be reproduced. Thus, an action
given by C with the presence of a conformal scalar field is capable of reproducing the ΛCDM model.
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VIII. CONCLUSIONS
In the present paper, we have examined some conformal issues of pure and extended teleparallel gravity. We have
formulated the conformal transformation of teleparallel gravity. Also, we have proposed conformal scalar and gauge
field theories and constructed conformal torsion gravity. It has explicitly been shown that in extended teleparallel
gravity with a conformal scalar field, a power-law or the de Sitter expansions of the universe can be realized, and that
pure teleparallel gravity with a conformal scalar field can give rise to the ΛCDM model. Furthermore, it has been
demonstrated that in conformal torsion gravity, the de Sitter solution can be realized.
By imposing conformal invariance, a particular scalar field model that exhibits this class of symmetry, has been
reconstructed. Note that in comparison with curvature gravity some additional terms are included in the action. In
particular, a derivative of the torsion tensor has to be assumed in the action in order to satisfy conformal invariance,
due to the presence of a total derivative in the relation among the curvature scalar and the torsion scalar (14). The
case of gauge fields is much more straightforward since the energy-momentum tensor is traceless, which automatically
ensures the conformal invariance of the field equation for the gauge field, as in curvature gravity. Moreover, a conformal
tensor based on combinations of the torsion tensor and scalar has been found, which leads to an invariant conformal
torsion gravity. As in the case of the Weyl gravity, the scalar C becomes null in homogeneous and isotropic spacetimes
(FLRW), and then the Friedmann equation turns out null. Nevertheless, we have shown that for a linear action, the
first Friedmann equation reduces to the usual one, leading to a theory that can reproduce the ΛCDM model with the
presence of a cosmological constant, as in Teleparallel gravity or GR.
In addition, some particular cosmological solutions have been considered within the framework of f(T ) gravity with
the presence of a conformally-invariant scalar field. For some particular scalar potentials, which remains the scalar
field equation conformally invariant, power-law solutions and de Sitter solutions have been reconstructed. Note that
for the particular case of a null scalar potential, a time dependent scalar field is capable of reproducing a pure de
Sitter solution, which leads to a decreasing evolution of the scalar field, and gives rise to several de Sitter solutions
(depending on the f(T ) action) that could be identified with the inflationary epoch and the dark energy phase.
Furthermore, the ΛCDM model may be reproduced in standard teleparallel gravity f(T ) = T or in C-gravity by the
presence of the conformal scalar field, which would not contribute during the matter/radiation dominated epochs but
would lead to an effective cosmological constant when the late-time acceleration starts, and the Hubble parameter is
approximately constant.
Hence, we have established some conformal properties within the framework of extended teleparallel theories, where
some conformally-invariant models have been found, and the FLRW spacetimes have been studied.
It would be very interesting to study the quantum properties of conformally-invariant theories in teleparallel gravity
(for general review, see [23]). In particular, we expect that as in curved spacetime with antisymmetric torsion [23],
the asymptotically conformal invariance may occur also in the conformal self-interacting scalar theory of Sec. IV.
Furthermore, the effect of conformal anomaly due to torsion on the FLRW cosmology should be studied in detail. It
is quite possible that like in the usual GR with conformal matter, such conformal anomaly may induce the so-called
anomaly-driven inflation.
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